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Visco-elastic behaviour of suspensions of rigid-rod like
particles in turbulent channel flow
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Abstract

Dilute suspensions of rigid elongated particles show visco-elastic behaviour if the particles are small enough to be af
Brownian motion. The visco-elastic behaviour of such suspensions is investigated in turbulent channel flow. A direct n
simulation (DNS) of turbulent channel flow has been used to compute Lagrangian time traces of the velocity derivativ
as experienced by small inertia-free particles. Along these paths, the viscous and elastic stresses of ensembles of Brow
fibres are computed by a stochastic simulation based on the rheological theory of dilute suspensions of elongated pa
fibres in Newtonian solvents. Average and R.M.S. stresses are computed for various combinations of aspect ratio a
number as a measure for the influence of the Brownian motion. It is found that stress levels as well as R.M.S. of stre
quickly with aspect ratio of the particles. The visco-elastic contribution to the total stress level can be as large as 30%
Péclet numbers showing that elastic effects can indeed take place in suspensions of rigid particles.
 2003 Elsevier SAS. All rights reserved.

1. Introduction

The conditions under which drag reduction due to small amounts of additives can occur in turbulent flows are not
understood. The effect of drag reduction has not only been observed in the context of flexible polymers but also
solutions of surfactants, stiff polymers (Xanthan gum), rigid or flexible fibres and rigid-rod like particles (for an overvie
Gyr and Bewersdorff [1]). The elastic theory of de Gennes [2] that has been later refined by Sreenivasan and White [3]
purely elastic effects to be responsible for drag reduction. But, as examples show [4–6], it is possible that there exist
alternative mechanism based on viscous effects acting via the orientation of the suspended fibres or particles, respec
is supported by Virk and Wagger [7] who postulate two mechanisms for drag reduction: a type-A and a type-B mec
Type B behaviour appears in suspensions in which the polymer molecules are already in a stretched state when the
rest; in type A drag reduction, the molecules become stretched only due to the action of flow. Both differ significantly
‘onset’ behaviour. Virk and Wagger [7] postulate that in both types of drag reduction only the stretched molecules are a
order to understand drag reduction mechanisms in polymeric and fibre suspensions, it is therefore important to focus
not only on purely elastic models but also on the rheological behaviour of rigid fibres or particles, respectively. The dete
parameters in this context are (i) the elongation ratio and size of the fibresr = l/d, (ii) the Reynolds number and (iii) the size
the measuring device. The latter shows that the flow cannot be described by Reynolds similarity only. If the suspended
are small enough, Brownian motion plays an important role for the dynamics of the suspended microstructure, su
cannot be neglected in the following considerations.

A considerable body of literature is devoted to the rheological properties of dilute supensionsof rigid, neutrally buoyant
axisymmetric Brownian particles or fibres suspended in Newtonian liquids. The analytical treatment of dilute
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suspensions in Newtonian fluids starts with the analysis of Einstein [8,9], who derived an expression for the increase of the
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shear viscosity in the presence of small rigid spheres. Jeffery [10] extended Einstein’s theory for small ellipsoidal p
He analytically derived an equation for the rotary motion and the generated stress field of a small, inertia-free el

particle in the Stokes flow limit. From Jeffery’s analysis, a rigorous theoretical framework can be derived for the stre

generated in dilute suspensions of sufficiently small particles in a Newtonian solvent [11,12]. Such theory requires
particles are not interacting with each other. The presence of body forces, Brownian motion or particle interaction

taken into account by the addition of more terms. Based on thistheory, a number of papers appeared dealing with rheologica

properties of suspensions of spheroids and near spheres in the presence of Brownian rotation [13–19]. Brenner [15] develo
a general dynamical rheological theory for axially symmetric particles including spherical dumpbells and long slende

with either blunt or bluff pointed ends. According to this framework, the rheological properties of dilute supensions

bodies, including Brownian diffusion, can be expressed in terms of volume fraction of the suspended particles, the vis
the homogeneous Newtonian carrier fluid and five nondimensional scalar material constants which depend only upon the sh

of the suspended particles. These material constants are purely hydrodynamic in origin and may be derived from the s
the quasistatic Stokes equations for a single translating-rotating axisymmetric particle of requisite shape suspended

shear flow.

The non-Newtonian stresses in suspensions are dependent on the velocity gradient tensor, the material constants mentio
above and the second and fourth moments of the distribution function of the orientation vector of the suspended

Already Jeffery [10] was aware of the problem of finding distribution functions of the orientation angle of the pa

An analytical solution for the orientation distribution function has been found by Okagawa [20] for simple shear flo
vanishing Brownian motion. Brenner [15] provides analytical solutions for steady shear and elongational flows, but the

no closed solution to this problem in the general case. In such a case, the orientation distribution function has to be

by numerical means or measured by experimental methods. Examples for experimentally measured orientation angle
flow can be found in Frattini and Fuller [21] and Stover et al. [22]. Szeri and Leal [23,24] havedeveloped an efficient double

Lagrangian algorithm for the solution of the Fokker–Planck equation that describes the orientation distribution fun

suspended ellipsoidal particles. They applied this algorithm in transient flow problems showing that simple closure s
for the moments of the distribution function have to be handled with caution.

Applications of numerical methods for the description of suspended Brownian fibres in turbulent flows are rare.
et al. [25] have used a strongly simplified model for the effect of rigid fibres in turbulent pipe flow. This model, based on

viscous arguments, was able to produce some drag reduction and to modify the turbulence structure in a way that

with experimental observations. These results could be confirmed in a direct numerical simulation (DNS) of turbulent
flow [26]. So far, for a microstructure such as dilute suspensions of Brownian rigid fibres or particles, no macroscopic

for the stress field generated by the microstructure have been derived, as has been done for elastic dumpbell mod

FENE-P approximation [27]. The FENE-P model, resulting in transport equations for the non-Newtonian stress component
has already been successfully applied in DNS of turbulent channel flow [28–32].

The present paper investigates visco-elastic effects of the rheological behaviour of a dilute suspension of small B

particles or fibres in turbulent channel flow. In order to do so, we assume the concentration of the suspension to be sm
that no interaction with the solvent takes place. This allows for computing the orientation distribution function and i

viscosities (stress components) for a greatvariety of parameters thus quantifying the influence of Brownian motion and asp

ratio of the fibres. The viscous and the elastic contributions of the stress tensor are identified and their contributions to
power, i.e., to the exchange of energy between the fibres and the flow, are quantified. We are using DNS for the comp

the velocity gradient tensor along Lagrangian trajectories and a Monte Carlo method for the computation of the mome
orientation distribution function. In a previous study [33], the algorithms used have been verified for a variety of simp

cases for which analytical or experimental results are available. In this previous study we investigated the rheological b

of dilute suspensions of elongated particles in turbulent channel flow in terms of average and R.M.S. stresses. In th
study, we focus on the visco-elastic behaviour of such suspensions in turbulent channel flow.

The paper is organized as follows. In the next chapter, the rheological theory theory of dilute suspensions of rigid, ine

particles is summarized. The numerical schemes used for the DNS and the Monte Carlo simulation are described in
Section 4.1 presents results for the rheological properties of small Brownian particles in turbulent channel flow. The infl

the Brownian motion on the dynamics of the suspended particles and their visco-elastic properties are investigated in S
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2. Theory
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2.1. Basic equations

The dynamics of an incompressible fluid consisting of a Newtonian solvent with a minute amount of added polymer
decribed by the conservation of mass and momentum:

∇ · u = 0, (1)

ρ
Du
Dt

= −∇p + ∇ · (τN + τNN)
. (2)

Here,u is the velocity vector,ρ is the density andp is the pressure.τN is the part of the stress tensor attributed to the Newton
solvent andτNN is the non-Newtonian part of the stress tensor due to the suspended particles. For the Newtonian pa
stress tensorτN the following constitutive equation is generally accepted:

τN = 2µD, (3)

whereµ is the dynamic viscosity andD is the rate-of-strain tensor

D = (∇u + ∇uT)
/2. (4)

For the contribution of the polymeric molecules to the stress tensorτNN, a non-Newtonian constitutive relation has to
supplied. The stresses caused by the presence of particles is a function of the moments of their orientation distribution
The orientation distribution function is a probability density function of the orientation angle which is determined
dynamics of the particles. If the paricles are sufficiently small, their dynamics will be affected by Brownian motion,
results in a stochastic differential equation for the dynamics of small Brownian particles.

2.2. Evolution equation for a single Brownian particle

An equation for the orientation vectorn of rigid ellipsoidal particles in shear flow has been derived by Jeffery [10] under t
assumption of small particle Reynolds numbers, i.e., Stokes flow:

Dn
Dt

= Ω · n + κ
[
D · n − (n · D · n)n

]
, (5)

whereΩ is the vorticity tensor. The material constantκ indicates the shape of the particle, and is determined by

κ = r2 − 1

r2 + 1
, (6)

wherer is the aspect ratio of the particle.
If κ = 0, the particles have a spherical shape and rotate with the average rotation rate of the fluid as indicated by

Ω · n. If κ → 1, the particles behave like slender rods. This equation holds not only for ellipsoidal particles but is valid fo
axisymmetric particles. The shape of the particle enters Eq. (5) by a modified shape factorκ [15].

If the mass of a particle immersed in a fluid is small enough then it is subjected to Brownian motion due to the
fluctuations of the surrounding molecules. The Brownian motion of a particle is a random process if considered on the
length scales of continuum mechanics and can be modelled in the evolution equation of the orientation of a small pa
random force termΓ (t) added to Eq. (5):

Dn
Dt

= Ω · n + κ
[
D · n − (n · D · n)n

] + Γ (t). (7)

The random force termΓ is proportional to the Langevin forceFf (t) divided by the massm of the particle:

Γ (t) = Ff (t)/m. (8)

The noise strength of the Langevin force is given by〈
Γ (t)Γ (t)

〉 = qδ(t − t ′), (9)

i.e., it is uncorrelated over different times. With the Boltzmann constantkb, the friction coefficientγ and the temperatureT it
is given by

q = 2
kbT

γ m2
. (10)
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Table 1
Péclet numbers for fibre suspensionsin turbulent channel flow of water (Re =
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40000, temperature of 293 K, channel heightD = 0.1 m)

Length in m 10−6 10−5 10−4 10−3

Péclet number 3.8× 10−1 3.8× 102 3.8× 105 3.8× 108

For the rotation of an axisymmetric particle about its transverse axis, the friction coefficient is given by Brenner [15]

γ = 6Vpµ0KT (11)

with µ0 being the viscosity of the Newtonian solventVp being the particle volume andKT being a material constant.
The Langevin force has a formal representation as the increment of a Wiener process

Ff (t) =
√

2kbT

γ

∂W
∂t

(12)

with the diffusion coefficientDr = kbT/γ [34].
The distribution functionΨ (n, t) that describes the fraction of particles in a fluid element which have orientation ve

residing aroundn at timet is determined by a Fokker–Planck equation.

∂Ψ

∂t
= −∇ ·

(
Ψ

∂n
∂t

)
+ ∂2

∂n2
DrΨ. (13)

This is essentially a conservation equation in orientation space. It was first used by Fokker and Planck to describe the

motion of small particles. It consists of a drift term∇ · (Ψ ∂n
∂t

) and the Brownian diffusion term∂
2

∂nDrΨ .
The non-dimensional number characterizing the importance of the Brownian term in relation to the velocity gradie

Péclet number

Pe = ∂u/∂x

Dr
(14)

in which ∂u/∂x is a characteristic shear rate. Eq. (11) tells us that the Péclet number increases linearly with the volum
particles. Consider a turbulent channel flow of water with the following parameters: channel heightD = 0.1 m; bulk velocity
ub = 0.4 m/s; Reb = 40000, temperature of 293 K. If particles of aspect ratiorp = 50 are suspended, then the Péclet numb
are dependent on the length of the particles as given in Table 1. This example shows that particles in the micrometer
required to achieve Péclet numbers below 100, in this specific configuration. If the size of the apparatus is increased,
number decreases quadratically with the channel height.

2.3. The constitutive equation based on rigid-rod like particles

The stress field caused by an ensemble of rigid particles can be integrated over stress fields generated by single
the suspension is sufficiently dilute [12]. All relevant Reynolds numbers based on particle size and translational and r
velocities and shear rate are assumed to be small compared to unity to justify neglecting nonlinear terms in the Navier–Stok
equations. In such a case, the flow in the presence of suspended particles is supposed to be governed by the quasista
motion equations, which are linear. In consequence of the linearity, the hydrodynamic forceF, torqueL and stressletA (compare
Batchelor [12]) exerted by the fluid on the particle are linear functions of the translational slip velocity , the rotation
velocity and the shear of the fluid in the neighbourhood of the particle. In the general case of arbitrarily shaped p
F, L andA can therefore be related to the translational and rotational slip velocities and the shear rate via material
which are intrinsic properties of the particle alone, being dependent only upon its size and shape. Inertia-free particles, i
particles with the same density as the solvent, are convected with the fluid velocity such that translational and rotat
velocities are zero. In such a case, the hydrodynamic forceF and torqueL on the particle are zero. For particles with a cen
of symmetry, only five material constants are required [15] which are dimensionless and therefore independent upon t
the particle. These constants can be derived by solving the equations of motion of quasistatic creeping flow around th
Brenner [15] tabulates these constants for spheroids, long slender axisymmetric bodies and dumbbells, all of whic
derived analytically (e.g., Giesekus [11]).

Suppose that the suspended particle is inertia-free, i.e., it is force free and couple free. Then, the hydrodynamic force an
torque are zero. For a centrally-symmetric body it then follows [15] that the translational slip velocity is zero and the
slip velocity is a linear function of the shear rate.
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In a suspension of particles, each fluid element contains a large number of particles with varying orientations. The
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macroscopic stress due to this number of particles is obtained by averaging over a large number of individual particles

τNN = 2µ0D + µ1ID : 〈nn〉 + µ2D : 〈nnnn〉 + 2µ3
(〈nn〉 · D + D · 〈nn〉) + 2µ4Dr

(
3〈nn〉 − I

)
(15)

involving the second moment〈nn〉 and the fourth moment〈nnnn〉 of the distribution function of the orientation vector. T
material coefficientsµ0, . . . ,µ4 are linear functions of the volume fraction of the particles. For a rigorous derivation o
constitutive equation, the papers of Giesekus [11], Batchelor [12], Brenner [15] or Hinch and Leal [19] may be useful.

The moments arise from an ensemble-averaging of the effects of a large number of individual particles, each of them hav
a different orientation angle. The determination of non-Newtonian stresses involves the knowledge or estimation of the
of the distribution function of the microstructural conformation.

2.4. Visco-elastic behaviour

The stress tensorτNN consists of two terms, a viscous and an elastic contribution (compare Doi and Edwards [35]):

τNN = τV + τE, (16)

where the viscous stress is proportional to the current strain rate tensor

τV = 2µ0D + µ1ID : 〈nn〉 + µ2D : 〈nnnn〉 + 2µ3
(〈nn〉 · D + D · 〈nn〉) (17)

and the elastic stress is given by

τE = 2µ4Dr

(
3〈nn〉 − I

)
. (18)

Phenomenologically, the viscous stress is the stress which vanishes instantaneously when the flow is stopped. The el
does not vanish until the system is in equilibrium. It describes the stresses due to the Brownian motion. It is the only
results in stresses that are not linearly dependent on the deformation rate tensor of the surrounding fluid, i.e., it results
remaining in a fluid at rest. It is a consequence of the relaxation of the distribution function towards its isotropic equ
due to Brownian motion. This equilibrium isdescribed by the diagonal elements of〈nn〉 taking the value 0.33. One can easily
verify that the Brownian stress term willdisappear under this equilibrium. The consequences of the Brownian stresses
severe. They change the material properties from a purely viscous behaviour to visco-elastic behaviour if the Brownia
is large enough, i.e., the particles are small enough to be subjected to the Brownian motion. The ensemble of particles
be able to store energy and release it again at a later instant of time. This energy will be released to the surrounding
the relaxation process described by the elastic stress. It is the purpose of this paper to investigate the relative importa
elastic stress in comparison to the viscousstresses and to evaluate under which conditions visco-elastic effects can play a role
in suspensions of non-elastic materials.

The energy exchange between the solvent and the supended particles is described by the stress powerSp which according
to Eq. (16) consists of a viscous and an elastic term,

Sp = τNN · D = Φ + DAP

Dt
. (19)

The viscous term is related to the additional hydrodynamic energy dissipationΦ due to the presence of the fibres.

Φ = τV · D. (20)

The elastic term is related to the change in the free energyAP of the fibre system due to the exchange with the solvent

DAP

Dt
= τE · D. (21)

While the energy dissipation is always positive, the rate of change of free energy can be positive or negative, which
for accumulation or release of free energy, respectively.

3. Numerical method

The rheological properties of a suspension of small fibres in turbulent channel flow are investigated by coupling
different simulation methods. The turbulent flow field on the macroscopic level is provided by a direct numerical sim
(DNS). The conformation of the fibres is computed by a particle simulation using information of the time dependent
derivative tensor seen by a fluid element traveling with the flow in a Lagrangian framework.
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Table 2
Grid parameters for the DNSof turbulent channel flowRe = 180
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3.1. DNS of turbulent channel flow

Our DNS method for the solution of Eqs. (1) and (2) uses an explicit version of the projection or fractional step
proposed independently by Chorin [36] and Temam [37]. We use a Leapfrog scheme for the explicit time advanceme
momentum equation. The flow variables are defined on a non-equidistant Cartesian mesh in a staggered arrangemen
specific discrete formulations are derived by integrating the equations over the corresponding control cells surroun
definition points of the individual variables. We are using the mid-point rule for approximating the fluxes by the variabl
required interpolations and the approximation of the first derivatives are performed by fourth order compact interpola
difference formulations, respectively [39]. The Poisson equation is solved by a direct method using Fast-Fourier transfo
in the homogeneous streamwise and spanwise directions of the channel flow and a tridiagonal solver in the wa
direction.

The integration of the particle paths is done by an Euler time step using fourth order interpolation for the velocities. Th
velocity derivative tensor is estimated at the instantaneous positions of the particles by a fourth order difference formu
ensures a continuous velocity derivative tensor in time.

The DNS of turbulent channel flow is well documented in Manhart and Friedrich [26]. We performed grid resolution
and evaluated the influence of the discretisation order on the results. Our results have been verified against the highl
results of the spectral simulations of Kim et al. [40]. These tests showed that the numerical grid listed in Table 2 was su
accurate to investigate the dynamics of suspensions of Brownian particles in turbulent channel flow.

3.2. Stochastic simulation of the conformation distribution function

We use a stochastic simulation method (Monte Carlo simulation) to compute the distribution functionΨ (n, t) of the
orientation angle of the suspended particles. To do so, the Jeffery equation (5) is integrated for a sufficient number of
using the derivative tensor obtained by the DNS of turbulent channel flow. For time advancement, an Euler time
used. Numerical tests show, that the conformation distribution function is relatively insensitive against the time stepp
Brownian term is modelled by a stochastic Wiener process with a Gaussian distribution, which itself is modeled by a
number generator. In combination with an Euler time step, it is sufficient to use random numbers with uniform distrib
increments of the Wiener process [34]. The strength of the random force in a uniform distributionBuni is connected to the on
with a Gaussian distributionB by

Buni =
√

12	t B. (22)

The intensityB of the random numbers is connected to the Brownian diffusivity by

B = √
2Dr . (23)

A detailed verification of the stochastic simulation method for the microstructure can be found in Manhart [33]. The
Carlo method is verified using analytical results for non-Brownian particles in simple shear flow [20], experimental re
orientation distribution functions of Brownian particles in simple shear flow [21] and analytical results from rheological
of dilute suspensions of Brownian particles in simple steady flows [15]. The tests showed that the stochastic simulatio
is able to predict the orientation distribution function and the corresponding results from rheological theory of small Br
particles suspended in a Newtonian solvent in uniform shear flow.

4. Results

In order to study the rheological behaviour and visco-elastic effects in turbulent channel flow, we extracted time
of positionX(t) and velocity gradients∇u(t) as seen by small inertia-free fluid-particle in a Lagrangian framework fro
DNS of turbulent channel flow (Reτ = 180). These time records have been used to solve Jeffery’s equation for ensem
Brownian particles and determining intrinsic stresses generated by these suspended particles. We have stored 4000
corresponding to a total time oft · ub/h = 40. During this time, a virtual fluid-particle is convected four times through
whole computational domain (usingub). Having stored 10 000 of such Lagrangian time traces, we have 40× 106 data points
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for building averages. For the calculation of the moments of the conformation tensor and the stresses, we used 500 particles
reference

art [33]. In
2–5 show
along each Lagrangian path. It has been found that this number is sufficient to keep the error norm with respect to a
solution with 5000 particles below 2× 10−4.

4.1. Average and R.M.S. stresses in dilute fibre suspensions in turbulent channel flow

Detailed results concerning average stresses and their corresponding R.M.S. values have been presented in Manh
the following, we show some representative results and a short summary of the findings of this previous paper. Figs.

Fig. 1. Configuration of a rigid-rod-type macromolecule.

Fig. 2. Average non-Newtonian stresses in turbulent channel flow for ellipsoidal particles (r = 10.0); Pe= 98 (left);Pe= 383000 (right).

Fig. 3. Average non-Newtonian stresses in turbulent channel flow for ellipsoidal particles (r = 100.0); Pe= 98 (left); Pe= 383000 (right).
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Fig. 4. R.M.S. of non-Newtonian stresses in turbulent channel flow for ellipsoidal particles (r = 10.0); Pe= 98 (left); Pe= 383000 (right).

Fig. 5. R.M.S. of non-Newtonian stresses in turbulent channel flow for ellipsoidal particles (r = 100.0); Pe= 98 (left); Pe= 383000 (right).

average and R.M.S. stresses in turbulent channel flow at aspect ratiosr = 10.0 andr = 100.0 as well as Péclet numbers
Pe= 98 andPe= 383000. In what follows, we always show intrinsic stresses for vanishing concentration, which are ex
in terms of unit volume fractionφ.

The peaks of the non-Newtonian stresses can be found in the buffer layer. The shorter fibres (r = 10) generate large she
stresses (Fig. 2) and the normal stresses remain small compared to the shear stresses. With the longer fibres (r = 100, Fig. 3),
the normal stresses and stress differences exceed the shear stress magnitude. Fibres with aspect ratios abover ≈ 100 generate
qualitatively the same mean and R.M.S. stress distributions. This is due to the fact that the dynamics of the suspended par
determined by Eq. (7) remains essentially the same for large aspect ratios, becauseκ tends to unity. The overall magnitud
of the stresses rises strongly with the aspect ratio of the fibres. The stress levels scale withr2 when keeping the volum
fraction constant. This result is a confirmation of the experimental observation that large-aspect ratio fibres are more e
modifying the turbulence structure than small-aspect ratio fibres, because long fibres need a smaller volume fraction to
the similar stress distributions as short fibres do. The non-Newtonian character of the suspension, as it is express
appearance of normal stress differences, is also stronger for large-aspect ratio fibres.

The Brownian motion plays an important role for the stress levels and distributions. The average stresses are en
Brownian fluctuations. That means that smaller fibres with smaller Péclet number lead to higher average stress levels t
fibres do. But the r.m.s. values of the stresses are reduced by Brownian motion. That means that smaller fibres lea
stress fluctuation levels in the suspension. In all cases it is observed that the Brownian motion moves the average st
towards the wall.

The average shear stress of the fibres enters directly the streamwise momentum balance in turbulent channel flow
to the viscous and turbulent stresses. It can be related to the so-called “stress deficit”, which has been observed
experiments under drag reducing conditions (see Gyr and Bewersdorff [1]). There are suggestions that the high extension
viscosities are the principal instrument in reducing the drag [41]. The high extensional viscosities are equivalent w
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normal stresses. Longer fibres produce smaller average shear stresses in comparison to the normal stresses than shorter fibres
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do. By considering this, it might be more likely that longer fibres are more effective in reducing turbulent drag.

4.2. Visco-elastic behaviour

The elastic contribution to the stress tensor is given by Eq. (18). The elastic stress is linearly dependent on th
moment of the distribution function〈nn〉. The strength is determined by the material coefficientµ4, volume fraction and the
Brownian diffusivityDr . We therefore investigate first the behaviour of〈nn〉 at various Péclet numbers in simple shear fl
and turbulent channel flow. Fig. 6 shows〈n1n1〉 in simple shear flow after a sudden start of the shearing. If the Péclet num
small, the Brownian term dominates the dynamics of the particles and the orientation angles remain homogeneously d
which is indicated by〈n1n1〉 = 0.3. With increasing influence of the shearing, i.e., with increasing Péclet number, the pa
tend to align and to reach a statistically stationary orientation that is obtained forPe< 100. At largerPe, the Brownian motion is
no longer sufficiently strong to keep the distribution in a statistically stationary state andperiodic oscillations set in. AtPe= ∞,
these oscillations are described by the analytical solution of Okagawa et al. [20].

The moments behave similarly in turbulent channel flow at low values of the Péclet number, i.e., the Brownian fluc
are strong enough to enforce a statistically stationary state of the orientation of the particles (Fig. 7). But this state
smaller Péclet number than in the simple shear flow. This is becausethe turbulent fluctuations generate strong oscillation of
velocity gradient tensor. At high Péclet numbers, the particles follow these oscillations very rapidly as seen in Fig. 7 (ri
have verified that the observed peak att = 12 is not connected to the periodic solution observable in simple shear flow, b
response to the turbulent velocity field.

In the following we analyse the behaviour of the stresses generated by the particles in various configurations. We c
the viscous and elastic stressesτV and τE, respectively, in order to quantify their contributions to the total non-Newto

Fig. 6. Influence of the Péclet number on the second moment〈n1n1〉 in simple shear flow (r = 5.6).

Fig. 7. Influence of the Péclet number on the second moment〈n1n1〉 in turbulent channel flow (r = 5.6).
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Fig. 8. Non-Newtonian stresses in turbulent channel flow along one Lagrangian path (r = 20.0, Pe= 10.0); τ11 (left); τ13 (right).

Fig. 9. Non-Newtonian stresses in turbulent channel flow along one Lagrangian path (r = 20.0, Pe= 98.0); τ11 (left); τ13 (right).

stress. We first show time traces of the primary normal and shear stressesτ11 andτ13 along an arbitrary Lagrangian partic
path. The aspect ratio was set tor = 20.0 for these tests. In Fig. 8, we show the time traces forPe= 10 and in Fig. 9 those
for Pe= 98. These figures illustrate the increasing importance of the visco-elastic stress contribution with decreasin
number. AtPe= 10, there is a significant contribution of the elastic term to the non-Newtonian stresses. AtPe= 98, the elastic
stress has only a vanishing contribution. The elastic contribution changes the total stress atPe= 10 not only quantitatively, bu
also qualitatively. This is due to a phase shift observable in the elastic with respect to the viscous stress.

The stress power is plotted in Fig. 10 (left) forPe= 10 andr = 20.0. There are significant contributions of the elas
stresses. At the moment, it seems that both elastic and viscous stress power are positive most of the time, indicating a
transfer from the solvent to the fibre system. In this context, we like to mention the investigation of a FENE-P mode
drag reducing conditions by de Angelis et al. [30]. They found that in the configuration investigated, the polymer be
was essentially dissipative, i.e., the stress power remained positive most of the time. In Fig. 10 (right), we show the in
contributions from the three velocity componentsui to the elastic stress power,

Sp(ui) = τE
(i)k∂

u(i)

∂xk
. (24)

There are instants in time where the stress power is negative for one component and positive for the others. This mea
the same instant, energy is taken from one velocity component and released to another one.

The average and R.M.S. contributions of the elastic stress forr = 20.0 can be inferred from Figs. 11–14. While the elas
shear stresses remain small, the average elastic normal stresses reach about one third of the total normal stressesPe= 10
and about 10% forPe= 98. The average elastic normal stresses share the same qualitative behaviour with the total
This is not the case for the R.M.S. of the stresses. The R.M.S. ofτ11 andτ13 show a near wall peak atPe= 10 not being presen
in the elastic stresses. The contribution of the elastic to the total stresses is between 10% and 20% forPe= 10 but below 1%
for Pe= 98.
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Fig. 10. Stres power in turbulent channel flow along one Lagrangian path (r = 20.0, Pe= 10.0); full stress powerτij ∂ui/∂xj (left); elastic

contributions of individual velocity componentsτE
(i)j

∂u(i)/∂xj (right).

Fig. 11. Average non-Newtonian stresses in turbulent channel flow for ellipsoidal particles (r = 20.0); Pe= 10 (left); contribution of Brownian
term (right).

Fig. 12. Average non-Newtonian stresses in turbulent channel flow for ellipsoidal particles (r = 20.0); Pe= 98 (left); contribution of Brownian
term (right).
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Fig. 13. R.M.S. of non-Newtonian stresses in turbulent channel flow for ellipsoidal particles (r = 20.0); Pe= 10 (left); contribution of Brownian
term (right).

Fig. 14. R.M.S. of non-Newtonian stresses in turbulent channel flow for ellipsoidal particles (r = 20.0); Pe= 98 (left); contribution of Brownian
term (right).

5. Conclusions

Dilute suspensions of small, Brownian rigid-rod like particles, resp. fibres in Newtonian solvents are able to show
elastic behaviour. We have investigated visco-elastic effects in turbulent channel flow atReτ = 180 by numerical means
Lagrangian trajectories have been computed by a DNS of the Newtonian solvent. Along these trajectories, the mic
equations describing the conformation and rheology of fibres of various size and elongations have been computed b
Carlo method. The numerical schemes have been validated for simple shear and extensional flows [33].

The suspended particles generate non-Newtonian stresses primarily in the buffer layer. The overall magnitude of th
rises strongly with the aspect ratio of the fibres. There are arguments for the importance of high extensional viscosities, i.e
normal stresses, to be the principal instrument in reducing the drag [41]. If strong normal stresses are responsible
reduction, these go in hand with a considerable average shear stress. The average shear stress enters the streamwis
balance and has to be compensated by a reduction of the primary Reynolds shear stress. This shear stress is smaller
fibres than with shorter fibres. This consideration shows that it is more likely to achieve drag reduction with longer fib
with short ones.

The Brownian motion is an important factor for the magnitude, the distribution and the character of the stresses.
to produce visco-elastic behaviour if the particles are small enough to be subjected to the Brownian motion. We sho
the behaviour of the second moment of the distribution function of the particles’ orientation tensor is altered significan
the influence of the Brownian motion. At small Péclet number, the Brownian motion is strong enough to enforce a sta
stationary distribution of the suspension. The elastic contribution to the stresses is increasingly important with small
numbers. About 30% of the total stress level is due to the elastic contribution in a configuration ofr = 20 andPe= 10.
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The elastic stresses show a phase shift with respect to the viscous stresses that are linearly dependent on the strain-rate
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tensor. This phase shift leads to qualitative changes in the stress history with respect to cases with higher Péclet num
could lead to a release of stored energy from the fibre system to the solvent. The overall behaviour of the fibre syste
however to be dissipative as also observed by Angelis et al. [30] in a FENE-P model for elastic polymers. When lo
energy fluxes from individual velocity components to the fibre system, we observe significant backward energy trans
the fibres to one or the other velocity component. Energy is taken from one component and released to the other at o
of time. One might be attempted to speculate that this establishes a mechanism responsible for energy redistribution
three velocity components, which could be responsible for increased Reynolds stress anisotropies observed under dra
conditions. Final conclusions can however only be drawn if simulations with full coupling between fibre stresses and
are available.
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